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Abstract
In this paper we consider a class of semihamiltonian systems characterized
by the existence of a special conservation law. The density and the current of
this conservation law satisfy a second order system of PDEs which has a natural
interpretation in the theory of flat bidifferential ideals. The class of systems we
consider contains important well-known examples of semihamiltonian systems.
Other examples, like genus 1Whitham modulation equations for KdV, are related
to this class by a reciprocal trasformation.
1 Introduction
Bidifferential ideals play an important role in the theory of finite-dimensional
integrable systems, in particular in the bihamiltonian theory of separation of
variables [20, 6].
Some recent results [1, 19] suggest that they have also some applications in
the theory of infinite-dimensional integrable systems, in particular in the case of
integrable quasilinear PDEs.
In this paper, following [19], we want to deepen the study of these applications
in the case of diagonal integrable systems of quasilinear PDEs, the so called
semihamiltonian systems.
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Definition 1 [26] A diagonal system of PDEs of hydrodynamic type
uit = v
i(u)uix i = 1, ..., n (1)
is called semihamiltonian if the coefficients vi(u) satisfy the system of equations
∂j
(
∂kv
i
vi − vk
)
= ∂k
(
∂jv
i
vi − vj
)
∀i 6= j 6= k 6= i, (2)
where ∂i =
∂
∂ui
.
The equations (2) are the integrability conditions for the system
∂jw
i
wi −wj =
∂jv
i
vi − vj , (3)
which provides the characteristic velocities wi of the symmetries of (1), and for
the system
(vi − vj)∂i∂jH = ∂ivj∂jH − ∂jvi∂iH, (4)
which provides the densities H of conservation laws of (1).
The knowledge of the symmetries of the system (1) allows one to find its
general solution. Indeed, according to a general scheme of integration of semi-
hamiltonian systems proposed by Tsarev, the generalized hodograph method
[26], any solution of a semihamiltonian system is implicitly defined by a system
of algebraic equations
wi(u) = x+ vi(u)t i = 1, ..., n (5)
where the functions wi(u) are the solutions of the system (3).
A classical result in the theory of first order quasi-linear PDEs [18] states
that, if system (1) possess a conservation law
∂tH + ∂xK = 0
then the characteristic velocities vi can be written in the form
vi = −∂iK
∂iH
i = 1, ..., n. (6)
This result has some interesting consequences in the case of a semihamiltonian
systems. Due to integrability conditions (2) the space of solutions wi of the
system (3) is parametrized by n arbitrary functions of one variable.
Since the system (4) is invariant with respect to the substitution vi → wi, for
any solution (w1, . . . , wn) of the system (3) there exists a function K ′ such that
wi = −∂iK
′
∂iH
i = 1, ..., n. (7)
In other words the characteristic velocities of the symmetries can be obtained
applying the linear operator
viH(·) := −
1
∂iH
∂i(·) i = 1, ..., n, (8)
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to a suitable current K ′.
Note that, in terms of the density H and of the currents K andK ′, the system
of algebraic equations (5) reads
d(K ′ + xH − tK) = 0.
Substituting (7) in (3) and taking into account (4) we obtain the equations for
the currents:
∂i∂jK
′ =
∂jH
∂iH
∂iv
j
vi − vj ∂iK
′ − ∂iH
∂jH
∂jv
i
vi − vj ∂jK
′. (9)
In general, the problem of finding the solutions of the system (9) could be
very difficult. The aim of the present paper is to study a special class of semi-
hamiltonian systems characterized by the existence of a density of conservation
law H such that the equations (9) for the associated currents reduce to the form
(f i − f j)∂i∂jK ′ = ∂igi∂jK ′ − ∂jgj∂iK ′, (10)
where f i = f i(ui) and gi = gi(ui).
Surprinsingly, also the density H is a solution of the system (10). Therefore
the solutions of (10) play a double role:
- fixed H, they are in one-to-one correspondence with the symmetries of a
semihamiltonian system (see formula (7)). In other words they define a semi-
hamiltonian hierarchy.
- they label these hierarchies: different choices of H correspond to different
hierarchies.
The theory of flat bidifferential ideals arises naturally in this framework. First
of all because any solution of the system (10) defines a flat bidifferential ideal.
Second because it provides a recursive procedure to compute the solutions of
(10).
The paper is organized as follows: in section 2 we recall some useful results
about the theory of bidifferential ideals. In section 3 we apply these results to
the theory of semihamiltonian systems. Section 4 is devoted to a discussion of
the Hamiltonian formalism. In particular we find a class of metrics satisfying
a system of Egoroff-Darboux type. Remarkably, in general, these metrics are
not related to any Frobenius manifold, since their rotation coefficients are not
symmetric. Finally, in section 5, we put reciprocal transformations into the game.
Aknowledgements. I wish to thank B. Dubrovin, G. Falqui, F. Magri and
M. Pedroni for useful discussions. I am also grateful to M. Pavlov for interesting
comments. This work has been partially supported by the European Community
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2 Bidifferential ideals
A tensor field L : TM → TM , of type (1, 1) on a manifold M , of dimension n,
is torsionless if the following identity
[LX,LY ]− L[LX,Y ]− L[X,LY ] + L2[X,Y ] = 0
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is verified for any pair of vector fields X and Y on M . According to the theory of
graded derivations of Fro¨licher-Nijenhuis [11], a torsionless tensor field L of type
(1, 1) defines a differential operator dL, of degree 1 and type d, on the Grassmann
algebra of differential forms on M , verifying the fundamental conditions
d · dL + dL · d = 0 d2L = 0.
On functions and 1-forms this derivation is defined by the following equations
dLf(X) = df(LX)
dLα(X,Y ) = LieLX(α(Y ))− LieLY (α(X)) − α([X,Y ]L),
where
[X,Y ]L = [LX,Y ] + [X,LY ]− L[X,Y ].
For instance, if L = diag(f1(u1), . . . , fn(un)), the action of dL on functions is
given by the following formula:
dLg :=
n∑
i=1
f i
∂g
∂ui
dui
We can now define the concept of bidifferential ideal of forms.
Definition 2 A bidifferential ideal I is an ideal of differential forms on M which
is closed with respect to the action of both d and dL:
d(I) ⊂ I dL(I) ⊂ I
For instance, if the ideal I is generated by a single 1-form α, the condition of
closure with respect to the action of d and dL reads
dα = λ ∧ α, dLα = µ ∧ α,
where λ and µ are suitable 1-forms.
In this paper we need a special subclass of bidifferential ideals, called flat
bidifferential ideals.
Definition 3 A flat bidifferential ideal I, of rank 1, on a manifold M endowed
with a torsionless tensor field L : TM → TM , is the ideal of forms generated by
the differential dh of a function h : M → R obeying the condition
ddLh = dh ∧ da (11)
with respect to a function a which satisfies the cohomological condition
ddLa = 0. (12)
Remark 1 In the language of Dimakis and Mu¨ller-Hoissen, the pair (d, dL +
da∧) defines a ”gauged bidifferential calculus”. Some applications of this calculus
to the theory of integrable systems are discussed in [1].
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From now on, if not stated otherwise, we assume that the eigenvalues of L
are pairwise distinct. In this case the general solution of the equation (12) is
given by the sum of n arbitrary functions of one variable:
a =
n∑
i=1
gi(ui)
and the cohomological equation (11) reads
(f i − f j)∂i∂jh = ∂jh∂igi − ∂ih∂jgj (13)
where f i(ui) and gi = gi(ui) are arbitrary functions of one variable.
3 Flat bidifferential ideals and semihamilto-
nian systems
In this section we show that the linear operator (8) establishes a one-to-one
correspondence between the space of solutions of the cohomological equation
(11) (which is parametrized by n arbitrary functions of one variable) and the
space of symmetries of a semihamiltonian system. Indeed, it is easy to prove the
following proposition.
Proposition 1 Let H(u) be a solution of the cohomological equation (11), then:
1) the systems
uit = v
i
H(K1)u
i
x, i = 1, . . . , n, (14)
uiτ = v
i
H(K2)u
i
x, i = 1, . . . , n (15)
commute for any pair (K1,K2) of solutions of (11).
2) the system of quasilinear PDEs
uit = [v
i
H(K)]u
i
x =
[
−∂iK
∂iH
]
uix, i = 1, . . . , n (16)
is semihamltonian for any solution K of the equation (11).
Proof.
1) The commutativity condition for the systems (14) and (15) reads:
∂jv
i
H(K1)
viH(K1)− vjH(K1)
=
∂jv
i
H(K2)
viH(K2)− vjH(K2)
.
By straightforward computation we get:
∂jv
i
H(K)
viH(K)− vjH(K)
=
∂jH
∂iH
∂i∂jH∂iK − ∂iH∂i∂jK
∂jK∂iH − ∂iK∂jH =
∂ia
f j − f i
∂jH
∂iH
, (17)
which does not depend on K.
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2) By definition of semihamiltonian system we have to check that the character-
istic velocities viH(K) satisfy the system (2). For i 6= k 6= j 6= i, we obtain the
identity:
∂k
(
∂jv
i
H(K)
viH(K)− vjH(K)
)
= ∂k
(
∂ia
f j − f i
∂jH
∂iH
)
− ∂ia
(∂iH)2
[
∂ja∂iH∂kH
(f i − f j)(f j − fk) +
∂ka∂iH∂jH
(fk − f i)(f j − fk) +
∂ia∂jH∂kH
(f i − f j)(fk − f i)
]
,
which is clearly symmetric w.r.t. the indices j and k.

We have constructed a family of semihamiltonian systems depending on
functional parameters: the eigenvalues f i(ui) of L, the functions a and H. If
∂ifi 6= 0, (i = 1, . . . , n), without loss of generality, we can assume f i(ui) = ui;
the two cases being simply related by the change of coordinates ui → f i(ui).
Clearly, in order to make effective the construction one has to solve the coho-
mological equation (11). Even if its general solution, depending on n arbitrary
functions of one variable, is known explicitly only in some special cases (see sec-
tion 6 of [22] and references therein), the double differential complex defined by
the pair (d, dL) allows one to construct iteratively a countable set of solutions.
Lemma 1 Let K0 be a solution of (11). Then, the functions Kl defined recur-
sively by
dKl+1 = dLKl −Klda, (18)
satisfy the equation (11).
The proof is based on standard arguments in the theory of bidifferential ideals
[20, 1]. We report it for convenience of the reader.
Let us start with the first step of the recursive procedure
dK1 = dLK0 −K0da, (19)
First of all, let us verify that the 1-form appearing in the right hand side of (19)
is closed. Indeed, since K0 is a solution of (11), applying to the right hand side
of (19) the differential d we obtain
d (dLK0 −K0da) = dK0 ∧ da− dK0 ∧ da = 0.
So the function K1 is (locally) well defined. Moreover
ddLK1 = dLK0 ∧ da = dK1 ∧ da.
We prove now the theorem by induction. Suppose that
dKl = dLKl−1 −Kl−1da
ddLKl = dKl ∧ da.
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Then the 1-form in the right hand side of (18) is closed:
d (dLKl −Klda) = dKl ∧ da− dKl ∧ da = 0
and satisfies the equation (11):
ddLKl+1 = dLKl ∧ da = dKl+1 ∧ da.

Let us illustrate how to apply the previous procedure in the case H = a,
K0 = −a. Using the recursive relations (18) we get
uit0 = −
∂iK0
∂ia
uix = u
i
x
uit1 = −
∂iK1
∂ia
uix = [f
i − a]uix = [f i +K0]uix
uit2 = −
∂iK2
∂ia
uix = [(f
i)2 +K0f
i +K1]u
i
x
...
uitn = −
∂iKn
∂ia
uix = [(f
i)n +K0(f
i)n−1 +K1(f
i)n−2 + · · ·+Kn−1]uix
Following [19] we can write the above hierarchy in the coordinate-free form:
ut0 = ux
ut1 = [L+K0E]
iux
ut2 = [L
2 +K0L+K1E]ux
...
utn = [L
n +K0L
n−1 +K1L
n−2 + · · ·+Kn−1E]ux
where u is the column vector (u1, . . . , un)t, E is the identity matrix and L is a
torsionless tensor field of type (1, 1). The above vector fields commute also in
the non diagonalizable case [19].
Example 1 H = a, L = diag(u1, . . . , un), a = c Tr(L)
K0 = −a = −c
∑
j
uj
K1 = −1
2
c
∑
j
(uj)2 +
1
2
c2

∑
j
uj


2
K2 = − c
3
∑
j
(uj)3 +
c2
2
∑
j
(uj)2
∑
j
uj − c
3
6

∑
j
uj


3
and so on.
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Example 2 (Non diagonalizable case). Let
L =

u
3 u2
2 0
0 u3 u
2
2
0 0 u3


The function a = u1(u2)2 satisfies the cohomological equation ddLa = 0. There-
fore the first non trivial flow of the hierarchy starting from K0 = −a is
u1tu2t
u3t

 =

u
3 − a u22 0
0 u3 − a u22
0 0 u3 − a



u1xu2x
u3x


The other non trivial flows can be obtained solving the recursive relations (18)
for the functions K1,K2, . . . :
K1 = −u1(u2)2u3 − 1
8
(u2)4 +
1
2
(u1)2(u2)4
K2 = −u1(u2)2(u3)2 − 1
4
(u2)4u3 + (u1)2(u2)2u3 +
−1
6
(u1)
3(u2)
6 +
1
8
u1(u2)
6
and so on.
Remark 2 Semihamiltonian systems of the form
uit = (f
i − a)uix, (20)
have been obtained in [22] as finite component reduction of an infinite hydrody-
namic chain. The connection between bidifferential ideals and such systems has
been investigated in [19]. The starting point of that paper was the observation
that the conditions (4) and (2) for systems (20) coincide with the cohomological
equations
ddLH = da ∧ dH
ddLa = 0.
4 Some remarks about the Hamiltonian struc-
ture
The Hamiltonian formalism for systems of hydrodynamic type was introduced by
Dubrovin and Novikov in [3, 4]. They considered first order differential operators
of the form
P ij = gij(u)∂x − gisΓjsk(u)ukx (21)
and the associated Poisson brackets
{F,G} :=
∫
δF
δui
P ij
δG
δuj
dx (22)
where F =
∫
g(u)dx and G =
∫
g(u)dx are local functionals.
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Theorem 1 [3] If det gij 6= 0, then the formula (22) defines a Poisson bracket if
and only if the tensor gij defines a flat pseudo-riemannian metric and the coef-
ficients Γjsk are the Christoffel symbols of the associated Levi-Civita connection.
Non local extensions of the bracket (22), related to metrics of constant curvature,
were considered by Ferapontov and Mokhov in [8]. Further generalizations were
considered by Ferapontov in [7].
Let us focus our attention on semihamiltonan systems (1)
uit = v
i(u)uix, i = 1, . . . n.
In [7] Ferapontov conjectured that any semihamiltonian system is always Hamil-
tonian with respect to suitable, possibly non local, Hamiltonian operators. More-
over he proposed the following construction to define such Hamiltonian operators:
1. Find the general solution of the system
∂j ln
√
gii =
∂jv
i
vj − vi . (23)
To this purpose is sufficient to find one solution gii of (23). Indeed, the general
solution is gii
ϕi(ui)
, where ϕi are arbitrary functions of one argument. The flat
solutions of (23) provide the local Hamitonian structures of the system (1).
2. Write the non vanishing components of the curvature tensor in terms of
solutions wiα of the linear system (3):
Rijij =
∑
α
ǫαw
i
αw
j
α ǫα = ±1. (24)
(Ferapontov conjectured that it is always possible to find the expansion (24)).
Then the system (1) is automatically Hamiltonian with respect to the Hamil-
tonian operator
P ij = giiδij∂x − giiΓjik(u)ukx +
∑
α
ǫαw
i
αu
i
x∂
−1
x w
j
αu
j
x. (25)
Example 3 [7, 27, 21] Let us consider the system of chromatography equations
in Riemann invariants
uit =
[
ui
∏
uk
]−1
uix i = 1, . . . n. (26)
The general solution of (23), in this case, is
gii =
∏
k 6=i(u
k − ui)2
ϕi(ui)
i = 1, . . . n,
where ϕi(ui) are n arbitrary functions of one variables. For n ≥ 3 all these
metrics are not flat [21]. They generate nonlocal Hamiltonian operators of the
form [7]
P ij = giiδij∂x − gisΓjsk(u)ukx −
n∑
α=1
wiαu
i
x∂
−1
x w
j
αu
j
x, (27)
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where
wi1 = ∂i
( √
ϕ1∏
l 6=1(u
l − u1)2
)
, . . . win = ∂i
( √
ϕn∏
l 6=n(u
l − un)2
)
. (28)
Note that system (26) can be written in the form
uit = −
∂iK
∂ia
uix, i = 1, . . . n, (29)
where
K = − 1∏n
k=1 u
k
is a solution of the cohomological equation (11) with L = diag(u1, . . . un), a =
−Tr(L).
Example 4 [9] Let us consider the semihamiltonian system
uit =
[
n∑
i=1
ui + 2ui
]
uix, i = 1, . . . n, (30)
The general solution of (23) is
gii =
∏
k 6=i(u
k − ui)
ϕi(ui)
, i = 1, . . . n,
where ϕi(ui) are n arbitrary functions of one variables. The choice ϕi(ui) = (ui)α
(α = 0, . . . , n) provides n + 1 flat metrics. For generic ϕi(ui) the metric gii is
not flat and generates nonlocal Hamiltonian operator with infinite nonlocal tail.
Note that system (30) can be written in the form (29) where
K =
1
4
∑
j
(uj)2 +
1
8

∑
j
uj


2
,
is a solution of the cohomological equation (11) with L = diag(u1, . . . un), a =
−12Tr(L).
Let us consider semihamiltonian systems of the form (16). Taking into ac-
count the equation (11), the system (23) reduces to:
1
2
∂i ln gjj = −∂j ln ∂iH − ∂ja
f i − f j . (31)
From now on, in this section, we assume a = c Tr(L) = c
∑n
j=1 f
j. In this case
the general solution of (31) is
gii =
(∂iH)
2
ϕi(ui)[
∏
l 6=i(f
i − f l)]2c , i = 1, . . . n, (32)
where ϕi(ui) are n arbitrary functions of one variable.
The rotation coefficients of the metrics (32) depend on the constant c, the
eigenvalues (f1, . . . , fn) and on the choice of the arbitrary functions (ϕ1, . . . , ϕn)
but not on the function H. More precisely we have the following proposition.
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Proposition 2 Let H be a solution of the system:
(f i − f j)∂i∂jH = c∂if i∂jH − c∂jf j∂iH (33)
Then, if a = cTr(L), the rotation coefficients βij(u) =
∂i
√
gjj(u)√
gii(u)
of the metrics
(32), does not depend on H. More precisely they are given by the following
expression
βij =
[∏
l 6=i(f
i − f l)∏
l 6=j(f
j − f l)
]c
c∂jf
j
f j − f i
√
ϕi
ϕj
. (34)
Proof.
βij(u) =
√
ϕi
ϕj
[∏
l 6=i(f
i − f l)∏
l 6=j(f
j − f l)
]c [
∂i∂jH
∂iH
+ c
∂jH
∂iH
∂jfj
f j − f i
]
.
Taking into account (33), we obtain formula (34).

The problem of finding the expansion (24) for the metrics (32) is, in general,
very difficult.
For H = a this problem has been solved only for c = ±1, 1/2 (see section 9
of [22]).
The case H 6= a, which to our best knowledge, has not previously considered
in the literature, can be reduced to the case H = a = c Tr(L). Indeed, we have
the following proposition.
Proposition 3 Let H be a solution of the system
(f i − f j)∂i∂jH = c∂if i∂jH − c∂jf j∂iH
and
uitα = w˜
i
αu
i
x = −
∂iKα
∂iH
uix, (35)
the corresponding semihamiltonian hierarchy constructed with the solutions Kα
of the system (33). Suppose that the hierarchy
uitα = w
i
αu
i
x = −
∂iKα
c∂if i
uix (36)
is Hamiltonian w.r.t. the Hamiltonian operator
P ij = giiδij∂x − giiΓjik(u)ukx −
∑
α
wiαu
i
x∂
−1
x w
j
αu
j
x (37)
and the Hamiltonian densities hα. Then the hierarchy (35) is Hamiltonian w.r.t.
the Hamiltonian operator
P˜ ij = g˜iiδij∂x − g˜iiΓ˜jik(u)ukx −
∑
α
w˜iαu
i
x∂
−1
x w˜
j
αu
j
x, (38)
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where g˜ii =
[
c∂if
i
∂iH
]2
gii, the coefficients Γ˜jik are the Christoffel symbols of the
associated Levi-Civita connection and w˜iα =
c∂if
i
∂iH
wiα. Moreover the Hamiltonian
densities h˜α of the systems (35) can be obtained from the Hamiltonian densities
hα solving the compatible system
∂ih˜α =
∂iH
∂ia
∂ihα. (39)
Proof: the non vanishing components of the curvature tensor
Rijij = g
ii
(
∂jΓ
j
ii − ∂iΓjij − ΓjpiΓpij + ΓjpjΓpii
)
(40)
can be written in the form
Rijij =
1
∂iH∂jH
Sijij (41)
where the quantities Sijij do not depend on H. Indeed in terms of the rotation
coefficients (that do not depend on H), formula (40) reads:
Rijij = −
1√
gii
1√
gjj

∂iβij + ∂jβji + ∑
k 6=i,j
βkiβkj

 .
Using this fact it is easy to obtain the expansion (24) for the non vanishing
components of the curvature tensor of the metric g′ii = c
2
(
∂iH
∂if i
)2
gii:
R
′ij
ij = c
2 ∂if
i∂jf
j
∂iH∂jH
Rijij .
Observe that the coefficients w˜iα = c
∂if
i
∂iH
wiα = −∂iKα∂iH are characteristic veloc-
ities of symmetries of (35). Therefore the bivector (38) satisfies all Ferapontov
conditions. Indeed:
- the diagonal metric g˜ii is a solution of the system (23).
- the coefficients Γ˜ijk are, by definition, the Christoffel symbols of the associ-
ated Levi-Civita connection.
- the non local tail of (38) is constructed with the characteristic velocities w˜iα
appearing in the expansion of the non vanishing components of the curvature
tensor.
We have to show now that the function h˜α are hamiltonian densities. First of
all we observe that they are well-defined. Indeed the compatibility of the system
(39) reads
∂i∂jhα − c∂ihα∂jf
j
f i − f j + c
∂jhα∂if
i
f i − f j = 0, (42)
which is nothing but the system (4) for the densities of conservation law of the
semihamiltonian hierarchy (36). Moreover it is easy to check that if the functions
hα are solutions of the system (42), then the functions h˜α are solutions of the
system (4) for the densities of conservation laws of the semihamiltonian hierarchy
(35).
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We conclude this section mentioning an important property of the metrics
(32) in the case L = diag(u1, . . . , un) and ϕi = 1 (i = 1, . . . , n).
Proposition 4 If f i(ui) = ui and ϕi = 1 (i = 1, . . . , n), the rotation coefficients
(34) satisfy the system
∂kβij = βikβkj i 6= j 6= k (43)∑
k
∂kβij = 0 i 6= j (44)
∑
k
uk∂kβij = −βij i 6= j (45)
Proof: the equations (43) are automatically satisfied because they are equivalent
to the conditions (2).
Moreover, by straightforward computation we obtain∑
k
∂kβij = ∂jβij + ∂iβij +
∑
k 6=i,j
βikβkj =
[∏
l 6=i(u
i − ul)∏
l 6=j(u
j − ul)
]c−1
c2
uj − ui ×{
−
∏
l 6=i,j(u
i − ul)∏
l 6=j(u
j − ul) −
∏
l 6=i(u
i − ul)∑k 6=j∏l 6=j,k(uj − ul)∏
l 6=j(u
j − ul)2 +∑
k 6=i
∏
l 6=i,k(u
i − ul)∏
l 6=j(u
j − ul) +
∏
l 6=i(u
i − ul)∏l 6=i,j(uj − ul)∏
l 6=j(u
j − ul)2
}
+
+
[∏
l 6=i(u
i − ul)∏
l 6=j(u
j − ul)
]c
c2
uj − ui
∑
i,j
[
1
uk − ui +
1
uj − uk
]
=
[∏
l 6=i(u
i − ul)∏
l 6=j(u
j − ul)
]c
c2
uj − ui ×
−
∑
k 6=i,j
1
uj − uk +
∑
k 6=i,j
1
ui − uk +
∑
k 6=i,j
(
1
uk − ui +
1
uj − uk
)
 =
= 0
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and ∑
k
uk∂kβij =
∑
k 6=i,j
ukβikβkj + u
j∂jβij + u
i∂iβij =
[∏
l 6=i(u
i − ul)∏
l 6=j(u
j − ul)
]c
 c
2uk
uj − ui
∑
k 6=i,j
[
1
uk − ui +
1
uj − uk
]
− c
uj − ui+
c2
uj − ui

 uj
uj − ui −
∑
k 6=j
uj
uj − uk +
∑
k 6=i
ui
ui − uk +
ui
uj − ui



 =
−βij +
[∏
l 6=i(u
i − ul)∏
l 6=j(u
j − ul)
]c
c2
uj − ui ×

∑
k 6=i,j
[
uk
uk − ui +
uk
uj − uk
]
−
∑
k 6=i,j
uj
uj − uk +
∑
k 6=i,j
ui
ui − uk

 =
−βij +
[∏
l 6=i(u
i − ul)∏
l 6=j(u
j − ul)
]c
c2
uj − ui


∑
k 6=i,j
[
uk − uj
uj − uk +
uk − ui
uk − ui
]
 =
= −βij.

Remark 3 In general, the rotation coefficients (34) are not symmetric. In the
case of symmetric rotation coefficients, the equations (43), (44) and (45) arise
naturally in the framework of Frobenius manifolds [2].
As well-known the theory of Frobenius manifolds is related to the theory of
isomonodromic deformations. Indeed, the equations (43), (44) and (45) are
equivalent to the system:
∂kV (u) = [V (u), [Ek,Γ]], k = 1, . . . , n, (46)
where
(Ek)ij = δikδkj
U := diag(u1, . . . , un)
Γ(u) := (βij)
V (u) := (ui − uj)βij ,
that governs the monodromy preserving deformations of the operator
d
dz
−
(
U +
V
z
)
.
The proof of this fact (see [2]) does not rely on the hypothesis of symmetry of the
rotation coefficients.
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5 A remark on Whitham equations
A well-known example of semihamiltonian system is the system of quasilinear
PDEs that describes the slow modulations of g-gap solutions of the KdV hierar-
chy: the Whitham equations [28]. In this case the characteristic velocities can
be written in terms of hyperelliptic integrals of genus g. In g = 1 case these
equations read:
u1t =
[
−u
1 + u2 + u3
3
+
2(u2 − u1)K(s)
3(K(s)− E(s)
]
u1x
u2t =
[
−u
1 + u2 + u3
3
+
2(u2 − u1)K(s)
3(E(s) − (1− s2)K(s)
]
u2x
u3t =
[
−u
1 + u2 + u3
3
− 2(u
3 − u1)(1− s2)E(s)
3E(s)
]
u3x
where s = u
2−u1
u3−u1
, K(s) and E(s) are complete elliptic integrals of the first and
second kind.
For Whitham equations the hodograph method is effective [15, 16, 23, 24,
25, 13, 14, 5, 12]. Indeed it is possible to construct explicitly the symmetries
appearing in the equations (5):
Theorem 2 [16, 23, 24, 13, 14] There exist functions q1(u), q2(u), q3(u) such
that the characteristic velocities wi of the symmetries of the Whitham equations
have the form
wi := [1 + qi∂i]K, i = 1, ..., 3, (47)
where the function K is a solution of the following system of Euler-Poisson-
Darboux type:
2(ui − uj)∂i∂jK = ∂iK − ∂jK i 6= j, i, j = 1, 2, 3. (48)
which can be explicitly solved.
The functions qi(u) can be written in terms of the complete elliptic integral K(s)
and E(s). Moreover from the conservation of waves it follows that [17, 13, 14, 25]:
qi(u) = − H
∂iH
i = 1, 2, 3,
where
H =
∮
dξ√
(u1 − ξ)(u2 − ξ)(u3 − ξ) (49)
is the wavelength (the integration is taken over the cycle around the gap u2 ≤
ξ ≤ u3). Therefore, the Whitham equations can be written in the form:
uit = v
i
H(K) =
[
K − H
∂iH
∂iK
]
uix, i = 1, 2, 3.
Note that the wavelength H satisfies the Euler-Darboux-Poisson system (48),
which is a particular case of the cohomological equation (11) corresponding to
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the choice L = diag(u1, u2, u3), a = −12Tr(L). This remark suggests to consider
systems of the form
uit = v
i
H(K)u
i
x =
[
K − H
∂iH
∂iK
]
uix, i = 1, ..., n. (50)
where the function H and K are solutions of the cohomological equations (33).
It is easy to prove that such systems are semihamiltonian and that, fixed H, the
systems
uit = v
i
H(K1)u
i
x, i = 1, ..., n
uiτ = v
i
H(K2)u
i
x, , i = 1, ..., n,
commute for any pair (K1,K2) of (33).
This fact can be proved by straightforward calculation or simply observing
that systems of the form (50) can be obtained from the systems studied in this
paper by means of a reciprocal transformation.
Proposition 5 Systems
ui
t˜
=
[
K − H
∂iH
∂iK
]
uix˜, i = 1, ..., n.
are related to the systems
uit =
[
−∂iK
∂iH
]
uix
by the reciprocal transformation
dx˜ = Hdx−Kdt
dt˜ = dt
The proof is a trivial computation.
6 Conclusions
In this paper we studied some applications of the theory of flat bidifferential
ideals to semihamiltonian systems of quasilinear PDEs.
The starting point of the present paper was the observation that for any
semihamiltonian system there exists a linear differential operator that, acting on
a suitable domain, provides all the symmetries of the system.
We showed that for a special class of semihamiltonian systems this operator
and its domain are completely characterized by the solutions of a cohomological
equation.
Moreover the theory of flat bidifferential ideals naturally provides a recursive
procedure to compute the solutions of this equation.
16
References
[1] A. Dimakis, F. Mu¨ller-Hoissen, Bi-differential calculi and integrable models,
J. Phys. A: Math. Gen. 33 (2000), 957–974.
[2] B.A. Dubrovin, Geometry of 2D topological field theories, in: Inte-
grable Systems and Quantum Groups, Montecatini, Terme, 1993. Editors:
M.Francaviglia, S. Greco. Springer Lecture Notes in Math. 1620 (1996),
120-348.
[3] B.A Dubrovin and S.P. Novikov, The Hamiltonian formalism of one-
dimensional systems of the hydrodynamic type and the Bogoliubov - Whitham
averaging method, Sov. Math. Doklady 27 (1983) 665–669.
[4] B.A. Dubrovin and S.P. Novikov, Hydrodynamics of weakly deformed soliton
lattices. Differential geometry and Hamiltonian theory, Russ. Math. Surv.
44:6 (1989) 35–124.
[5] G.A. El, Generating function of the Whitham-KdV hierarchy and effective
solution of the Cauchy problem, Phys. Lett. A 222 (1996), no. 6, 393–399.
[6] G. Falqui and M. Pedroni Separation of variables for bi-Hamiltonian sys-
tems, Math. Phys. Anal. Geom. 6 (2003), no. 2, 139–179.
[7] E.V. Ferapontov, Differential geometry of nonlocal Hamiltonian operators
of hydrodynamic type, Funct. Anal. Appl. 25 (1991), no. 3, 195–204 (1992).
[8] E.V. Ferapontov and O.I. Mokhov, Nonlocal Hamiltonian operators of hy-
drodynamic type that are connected with metrics of constant curvature, Russ.
Math. Surv. 45 (1990), no. 3, 218–219
[9] E.V. Ferapontov and M.V. Pavlov, Quasiclassical limit of Coupled KdV
equations. Riemann invariants and multi-Hamiltonian structure, Phys. D
52 (1991), 211-219.
[10] E.V. Ferapontov and S.P. Tsarev Systems of hydrodynamic type that arise
in gas chromatography. Riemann invariants and exact solutions, (Russian)
Mat. Model. 3 (1991), no. 2, 82–91.
[11] A. Fro¨licher and A. Nijenhuis, Theory of vector-valued differential forms,
Proc. Ned. Acad. Wetensch. Ser. A 59 (1956), 338–359.
[12] T. Grava, From the solution of the Tsarev system to the solution of the
Whitham equations, Math. Phys. Anal. Geom. 4 (2001), no. 1, 65–96.
[13] A.V. Gurevich, A.L. Krylov and G.A. El, Riemann wave breaking in disper-
sive hydrodynamics, JETP Letters 54 (1991), 102–107.
[14] A.V. Gurevich, A.L. Krylov and G.A. El, Evolution of a Riemann wave in
dispersive hydrodynamics, JETP 74 (1992), 957–962.
[15] I.M. Krichever, The averaging method for two-dimensional ”integrable”
equations, Funct. Anal. Appl. 22, no. 3, 200–213.
[16] V.R. Kudashev and S.E. Sharapov, Inheritance of symmetries in the
Whitham averaging of the Korteweg-de Vries equation, and the hydrody-
namic symmetries of the Whitham equations, Theoret. and Math. Phys. 87
(1991), no. 1, 358–363.
17
[17] V.R. Kudashev, Waves-number conservation and succession of symmetries
during a Whitham averaging, JETP 54 (1991), 175–178.
[18] P.D. Lax, Hyperbolic Systems of Conservation Laws and the Mathematical
Theory of Shock Waves, Conference Board of the Mathematical Sciences
Regional Conference Series in Applied Mathematics 11, SIAM, Philadelphia
(1973).
[19] P. Lorenzoni and F. Magri, A cohomological construction of integrable hi-
erarchies of hydrodynamic type, Int. Math. Res. Not. (2005), no. 34, 2087–
2100.
[20] F. Magri, Lenard chains for classical integrable systems, Theoret. and Math.
Phys., 137 (2003), no. 3, 1716–1722.
[21] M.V. Pavlov, Hamiltonian formalism of the equations of electrophoresis.
Integrable equations of hydrodynamics, Preprint No. 17, Landau Inst. Theor.
Phys., Acad. Sci. USSR (1987), Moscow.
[22] M.V. Pavlov, Integrable hydrodynamic chains, J. Math. Phys. 44 (2003), no.
9, 4134–4156.
[23] F.R.Tian Oscillations of the zero dispersion limit of the Korteweg-de Vries
equation, Ph.D dissertation, New York University (1991).
[24] F.R. Tian, Oscillations of the zero dispersion limit of the Korteweg-de Vries
equation, Comm. Pure Appl. Math. 46 (1993), no. 8, 1093–1129.
[25] F.R. Tian, The Whitham-type equations and linear overdetermined systems
of Euler-Poisson-Darboux type, Duke Math. J. 74 (1994), no. 1, 203–221.
[26] S.P. Tsarev, The geometry of Hamiltonian systems of hydrodynamic type.
The generalised hodograph transform, USSR Izv. 37 (1991) 397–419.
[27] S.P. Tsarev, Semihamiltonian formalism for diagonal systems of hydrody-
namic type and integrability of the equations of chromatography and isota-
chophoresis, LIIAN preprint No. 106 (1989).
[28] G.B. Whitham, Non-linear dispersive waves, Proc. Roy. Soc. Ser. A 283
(1965) 238–261.
18
